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Arkhipov-Soergel , S., Arkhipov semi-infinite
homology $f^{\mathrm{r}}$. Verma flag
$\circ$
contragredient Verma flag
$\vee C^{\backslash }$ [A]. W. Soregel , Bernstein-Gerfand-Gelfand
, Kac-M.oody Tilting
[S]. , [S] , semi-infinite homology ,
, \sim $\mathrm{g}=\oplus_{n\in \mathbb{Z}}\mathrm{g}^{n}$ , local par
$\mathrm{g}^{-1}\oplus \mathrm{g}^{0}\oplus \mathrm{g}^{1}$ ,
.. , [S] J. Brundan [B].
) Virasoro ,
. , Virasoro
, $\mathbb{Z}$.- , [S] [B]
. $\gamma,.$ , ,
, semi-infini.t $\mathrm{e}$ ( 2 ) , .
$\mathrm{V}\mathrm{i}\mathrm{r}\mathrm{a}\epsilon \mathrm{o}\mathrm{r}\mathrm{o}$ .
, ,. -
, Virasoro central charge $z$ Verma
$26-z$ Verma .
, Arkhipov-Soergel .
Vir $:=\oplus_{n\in \mathbb{Z}}\mathbb{C}L_{n}\oplus \mathbb{C}c$ Virasor ,
$[L_{m}, L_{n}]=(m-n)L_{m+n}+ \frac{m^{3}-m}{12}c$, [Ln’ $c$] $=0$
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. M( , $h$). central charge $\chi$ , conformal weight
$h$ Vir Verma . , $L(\dot{z}, h)$
.
$z=1-6 \frac{(p-q)^{2}}{pq}.$ , $h=h_{\mathrm{r},s\prime}.= \frac{(rp-sq)^{2}-(p-q)^{2}}{4pq}...$,
, $p,$ $q.,r,s$ ..












$(\cdot z, h_{-4}.)arrow$ $(, h_{-3})arrow$ $(\mathrm{c}, h_{-2})arrow M(, h_{-1})$
, $\{h_{i}|i. \in \mathbb{Z}\}$
$h_{i}:=\{\begin{array}{l}h_{-iq+\mathrm{r},s}.i\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d}2)h_{-(i+1)q+r,-s}i\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d}2)’\end{array}$
.
$(z’,\cdot h_{i}’):=(26,1)-(z$ , h , Virasoro Verma $[]$ $M$ (z’, $h_{i}’$)
. , :




. $M( , h_{-4}’)arrow M($ ’, $h_{-3}’)arrow M($ ’, $h_{-2})arrow.M( , h_{-1}’.)$
.
$($
, $N=\mathrm{I}$ Virasoro Verma
[IK]. semi-infinite , $\ovalbox{\tt\small REJECT}$. .
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2 $\mathbb{Z}$- Semi-infinite
, $\dot{\mathrm{g}}=\oplus_{n\in \mathbb{Z}}\mathrm{g}^{n}$ $\mathrm{g}^{n}=\mathrm{g}\frac{n}{0}.\oplus \mathrm{g}\frac{n}{1}$ Z,
, , $\mathrm{g}_{\tau}^{n}:=\mathrm{g}^{n}\cap \mathrm{g}_{\tau}(\tau\in \mathbb{Z}_{2})$ , , .
$\mathrm{g}^{\pm}.\cdot.=\bigoplus_{)}1^{\backslash },’\lambda\uparrow.\pm n\in \mathbb{Z}\mathrm{g}\#\ovalbox{\tt\small REJECT}^{>}\grave{\prime}\mathrm{A}\mathrm{A}_{\text{ }\ovalbox{\tt\small REJECT}\#\dot{\text{ }^{}\backslash }\text{ }\mathrm{E}9^{-\text{ }}^{}\mathrm{g}\mathrm{g}.=\mathrm{g}^{0}\oplus \mathrm{g}^{+}}n\geq.\backslash \cdot$
, gk\leq \Re ..=\not\in 0\oplus \epsilon ..g-
1, $n\in \mathbb{Z}_{<0}$ , $\dim \mathrm{g}_{n}<\infty$ .
Arkhipov-Soergel. { $\gamma.arrow$ , critical cocycle
$\mathrm{g}$
.
2-cocycle $\mathrm{g}\frac{0}{0}$ (Semi-infinite ) .
. , .
$\pi^{+}:.\mathrm{g}arrow \mathrm{g}^{+}$ $\mathrm{g}=\mathrm{g}^{+}\oplus \mathrm{g}^{\leq 0}$ $\llcorner,$ $\iota^{+}:.\cdot \mathrm{g}^{+}\mathrm{L}arrow \mathrm{g}$.
$\pi:=\iota^{+}.\circ\pi$+: $\mathrm{g}\sim \mathrm{g}$ , $1|0$- (even
part 1 , odd part 0 ) $\mathbb{C}^{1|0}$ $\mathbb{C}$ $\mathrm{t}$
2.1, $\omega\in \mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{C}}$ ($\mathrm{g}\otimes$ $\mathbb{C}$) 9 critical $\omega cy.c$le
:
$\omega(x, y):=\mathrm{s}\mathrm{t}\mathrm{r}_{g}$( $[\pi\circ$ ad $x,$ $\pi\circ$ ad $y]-\pi 0[\mathrm{a}\mathrm{d}x,$ ffi. $y]$ ),
, $\cdot \mathrm{s}\mathrm{t}\mathrm{r}_{\mathfrak{g}}$ $\mathrm{g}$ super trace.
, .
ffi. 2:1. $x\in \mathrm{g}_{\sigma}^{m},$ $y\in \mathrm{g}_{\tau}^{n}$ ,
1. $m+n\neq 0$ $\sigma+\tau\neq\overline{0}$ , $\omega(x, y)=0$ .
2. $m=rb=.0$ , ($v$ (x, $y$) $=0$ .
3. $m=-n\in.\mathbb{Z}$>0. ,
$\omega$ (x, $y$) $=(-1)^{\sigma\tau}\mathrm{s}\mathrm{t}\mathrm{r}_{\oplus_{k=1}^{m}s-k}$($\mathrm{a}\mathrm{d}.y\circ$ ad $x$).
1 , $\omega$ well-defined. , $\omega$ 2-cocycle
$\{$
, , $\mathrm{g}$ critical cocycle $\omega$ ,
2. \mbox{\boldmath $\omega$}. 0-cohomologue, , $\gamma.\in \mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{C}}(\mathrm{g}_{2}\mathbb{C})$ , $\omega=d\gamma$ ,
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$\mathrm{g}.\text{ }..’\dot{\ovalbox{\tt\small REJECT}}2\mathrm{c}\mathrm{o}\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}1\mathrm{o}\mathrm{g}\mathrm{y}H^{2}(\dot{\mathrm{g}})\hslash^{\grave{\grave{3}}^{\backslash }}.\backslash \sqrt{}^{\backslash >}\#\succ?c\mathrm{g}\check{}7^{P}\mathcal{T}^{\backslash }\backslash \text{ },d\#\mathrm{f}\mathrm{c}\mathrm{o}\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{r}\mathrm{y}\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}_{\lambda \text{ }r_{\mathrm{c}}^{\mathrm{i}}\iota x,\text{ }\mathrm{f}\mathrm{f}\mathrm{i}\text{ ^{}\backslash }\ovalbox{\tt\small REJECT} \mathrm{E}\text{ }\mathfrak{F}\#}(\check{}_{\vee}\text{ ^{}\backslash }>l\backslash 3,d\gamma(x,y).\cdot=-\gamma([x, y])..\text{ }\backslash \mathrm{E}S^{\backslash }\backslash )\backslash arrow.\cdot$
.
, $\gamma|_{\mathrm{g}^{m}}\equiv 0(m\neq 0)$ . , \gamma l[l, o] $\equiv 0$ .
$\gamma.\cdot\sim$ , $\gamma$ ) $\mathrm{B}^{0}$ even , . , [S]. ,
semi-infinite ,
2.1.3 , ( ) Virasoro }. sem.i-infinite
.
2.1. Virasoro . Vir $:=..\oplus_{n\in \mathbb{Z}}\mathbb{C}$. $L_{n}\oplus \mathbb{C}c$
$[L_{m}, \cdot L_{n}]=(m-n)L_{m+n.,0}+\cdot.\delta_{m+n,0}.\frac{m^{3}-m}{12}c$, $[c, L_{m}]=0$
‘
$\mathrm{V}_{\acute{1}}^{\cdot}\mathrm{r}_{n}:=\{\begin{array}{l}\mathbb{C}L_{0}\oplus \mathbb{C}c\mathbb{C}L_{n}\end{array}$ $n\neq 0n=0$
1, Vir $=\oplus n\in\text{ }$ $\mathrm{V}\mathrm{i}\mathrm{r}_{n}$ , $\mathrm{i}\mathrm{r}$ $\mathbb{Z}$- .




. . Virasoro semi-infinite ,
.
3 Arkhipov-Soergel
, $\mathfrak{g}$ , 1, 2 \sim .
$\gamma.\sim$ , , Z2- .
Arkhipov-Soergel . $\mathbb{Z}\mathrm{x}\mathbb{Z}_{2}$
$V=\oplus_{n\dot{\in}\mathbb{Z}}\oplus_{\tau\in \mathbb{Z}_{2}}V_{\tau}^{n},$ $W=\oplus_{n\in \mathbb{Z}}\oplus_{\tau\in Z_{2}}W$2
$m\in.\mathbb{Z},$ $\sigma\in \mathbb{Z}_{2}$ ,
$\mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{C}}$ ( $V,$
$\cdot$
v)7 $:=\{f\in \mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{C}}(V, W)|f(V_{\tau}^{n})\subset W_{\tau+\sigma}^{n+m}(\tau\in \mathbb{Z}_{2}, n\in \mathbb{Z})\}$
220
, $\mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{C}}(V, W)^{m}:=\oplus_{\tau\in \mathbb{Z}_{2}}\mathrm{H}\mathrm{o}.\mathrm{m}\mathrm{c}(V, W)_{\tau}^{m}$
. ’
$H$om$\mathbb{C}(V, W):=\oplus \mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{C}}(V, W)^{n}n\in \mathbb{Z}$
, $\mathrm{M}\mathrm{o}\mathrm{d}_{\mathbb{Z}_{2}}^{\mathbb{Z}}\mathrm{g}$ \sim - , ,
$\mathrm{H}\mathrm{o}\acute{\mathrm{m}}_{\mathrm{M}o\mathrm{d}_{\mathrm{z}}^{\mathrm{z}_{2}}g}(V.,.W):=\mathrm{H}\mathrm{o}\mathrm{m}_{g}(V, W)_{0}^{0}$
.
$\mathrm{A}\mathrm{r}\mathrm{k}\mathrm{h}\mathrm{i}\mathrm{p}\mathrm{o}\mathrm{v}- \mathrm{S}\mathrm{o}\mathrm{e}\mathrm{i}\cdot \mathrm{g}\mathrm{e}\mathrm{l}$ .
\"a 3.1. $\mathcal{M}$ (resp. $\mathcal{K}$) $\mathrm{M}\mathrm{o}\mathrm{d}_{\mathrm{Z}_{2}}^{\mathrm{Z}}\mathrm{g}$ :
$M$ $\mathcal{M}$ (resp. $\mathcal{K}.$) \Leftrightarrow M free (resp. $cof\dot{f}e\ovalbox{\tt\small REJECT}$
g– .
1. $\mathcal{M}$ $\mathcal{K}$ covariant ,
1
, semi-infinite
$\mathrm{g}$ semi-regular . ,
, $.\text{ }$ $\mathcal{M}$ $\lambda 4^{\mathrm{o}\mathrm{p}}$
$\iota$








p cova ant .
, 1 3.1 ,
. $E$ $90$- , $n\in \mathbb{Z}$ . $E$
$E_{m}:=\{\begin{array}{l}E.m=n\{0\}m\neq n\end{array}$
, \sim $\mathrm{B}\mathrm{o}$- , $\mathrm{g}^{+}|_{E}\equiv 0$ .$E$ \sim ,
9\geq - ,
$\Delta(E):=U.(\mathfrak{g})\otimes_{\mathfrak{g}\geq}E$
. $\langle$ ($n\in \mathbb{Z}$ ).
$\gamma$ $\mathcal{B}$ semi-infinite , , $\mathbb{C}_{\gamma}=\mathbb{C}1_{\gamma}$
$|$ 1$\gamma|=\overline{0}$ , $x.1_{\gamma}=\gamma$(x)1$\gamma(x\in \mathrm{g}^{0})$
$\mathrm{g}^{0}$ 1|0- .
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2. $\mathcal{M}$ $\mathcal{M}^{\mathrm{o}\mathrm{p}}$ $.C$ovarianf $\Theta$ ,
1. ,
2. $\mathrm{g}^{0}$ -III $E$ , $\Theta(\Delta(E))\simeq\Delta(\mathbb{C}_{\gamma}\otimes E^{*})$ ,
,
3.1. $\mathrm{g}$ Virasoro - , 2.1 , $\Theta(M. (z,\cdot h))\simeq M.$ ($26-z,$ $1$ -h),
, $M$ (z, $h$) central charqe $z$ , conformaf weigfit $h\text{ }$. Virasoro
Verma .
4 S.emi-regular 1
, $U.(\mathfrak{g}^{-})$ $\mathrm{g}^{-}$- ,
U( )0: $=\mathcal{H}\mathrm{o}\mathrm{m}_{\mathbb{C}}(U(\mathrm{g}^{-}), \mathbb{C})$
} , $\mathrm{g}^{-}$- $fx$
.
:\Leftarrow .\phi )( )=(-y (l\phi l+lml)\phi ( .x),
:. $(\phi.x)(m)=\phi(\dot{x}.m)$ ,
, $x\in$ , $\phi\in U(\mathrm{g}^{-})^{\mathrm{O}*}$ . $U(\mathrm{g}^{-}’)$ $\mathbb{Z}_{<0}$ –




4,1. $\gamma\in \mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{C}}(\mathrm{g}^{0}, \mathbb{C})_{\overline{0}}$ 1, 2 Z-
$\mathrm{g}$ semi-infini.te $\iota \mathbb{Z}_{\geq 0}$ . ’
$S_{\gamma}(\mathrm{g}):=U(\mathrm{g}^{-})^{\mathrm{O}*}\otimes_{\mathbb{C}}U(\mathrm{g}\ovalbox{\tt\small REJECT}$








, $\mathbb{C}_{-\gamma}$ , $1|0$- $\mathrm{g}^{0}$ - $\mathbb{C}_{-\gamma}$ $\mathrm{g}^{+}|\mathbb{C}_{-\gamma}$ $\mathfrak{g}^{\geq}$ - $\gamma_{\mathrm{C}}$
, $\mathbb{C}_{-\gamma}\otimes U(\mathrm{g}^{\geq})$ $\mathrm{g}^{\geq}$ $\mathrm{I}$ $\text{ }$ .
, ,
3. $S_{\gamma}(\mathrm{g})$ $\mathrm{g}$- , , ,
, Semi-regular $S_{\gamma}(\mathfrak{g})$ 1
. $\mathcal{M}$ . $\mathcal{K}$ $S_{\gamma}(\mathrm{g}).\otimes_{\mathrm{B}}($ . $)$ . , , $\mathcal{K}$








5.1. ($\cdot N=1$ Virasoro ) $\epsilon\in\{\frac{1}{2};0\}$ ,
$\mathrm{i}\mathrm{r}_{\epsilon}$
$:=\oplus \mathbb{C}n\in \mathrm{Z}Ln\oplus.\oplus \mathbb{C}m\in\epsilon+\mathbb{Z}$
G$m\oplus \mathbb{C}$C,
:
$|L_{n}|=|_{\mathrm{C}}.\mathrm{i}=\overline{0}$ , $|$G$m|=\overline{1}$ ,
$[L_{m}, L_{n}]=(m-.n)L_{m+n}+ \delta_{m+n,0}.\frac{1}{12}(m^{3}$
. $-m)c$,
$[G_{m}, L_{n}.]=(m- \frac{1}{2}n)G_{m+n}$ ,
$[G_{m}, G_{n}^{\cdot}]=2L_{m+n}+\cdot\dot{\delta}_{m+n}$
,0 $\frac{1}{3}(m^{2}-\frac{1}{4})c$,
[Vir,, $c$] $=\{0\}$ .
$\mathrm{V}\mathrm{i}\mathrm{r}_{\ovalbox{\tt\small REJECT}}$ , Neveu-Sdwarz ,$\cdot$ $\mathrm{V}\mathrm{i}\mathrm{r}_{0}$ , Ramond .
. $n\in \mathbb{Z}$ . ,
$(\mathrm{V}\mathrm{i}\mathrm{r}_{\epsilon})_{n}:=$ { $x \in \mathrm{V}\mathrm{i}\mathrm{r}_{\epsilon}|[L_{0},x]=-\frac{n}{2}$x}
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, $\mathrm{V}\mathrm{i}\mathrm{r}_{\epsilon}=\oplus_{n\in \mathbb{Z}}(\mathrm{V}\mathrm{i}\mathrm{r}_{\epsilon})_{n}$ 1 $\dot{\text{ }}$ . 2 Z-
, , semi-infinite
$\gamma\in \mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{C}}(\mathrm{g}^{0}., \mathbb{C})_{\overline{0}}$ ,
$\gamma$(c) $.=15$ , $\gamma(L0)=\{\begin{array}{l}\frac{1}{2}.\frac{5}{8}\end{array}$ $\epsilon=\epsilon=\frac{1}{02}$
$l$
5.2, (N=2. Virasoro ) $\epsilon_{1},\epsilon_{2}\in\{\frac{1}{2},0\}$ t ,
$\mathrm{V}\mathrm{i}\mathrm{r}_{\epsilon_{1},\epsilon_{2}}:=\oplus \mathbb{C}L_{n}\oplus\oplus\cdot.\mathbb{C}I_{m}\oplus^{2}\cdot.\oplus \mathbb{C}.G_{k_{i}}^{i}\oplus \mathbb{C}cn\in \mathrm{Z}m\in\epsilon_{1}-\dot{\epsilon}_{2}+\mathrm{Z}i=1k\dot{.}\in\epsilon_{i}+\mathbb{Z}$
’
‘
$|L_{n}|=|$L$|=|c|=\overline{0}$ , $\cdot|$G$h_{i}i|=\overline{1}$ ,
$[L_{m}, L_{n}]=(m-n)L_{m+n}+. \frac{1}{.12}(m^{3}-m)\delta_{m\dotplus n,0^{\mathrm{C}}}$ ,
$[L_{m}, G_{n}^{i}]=( \frac{m}{2}-\sim n).G_{m+n}^{i}$,
$[G_{m}^{i}, G_{n}^{j}]=2\delta_{tj}L_{m+n}+\sqrt{-1}$(m-n)$\epsilon_{ij}1m+n+$ A, $( \dot{m}^{2}-\frac{1}{4})$
.
$\delta_{ij}\delta_{m+n,0^{\mathrm{C}}}$ ,
$[I_{m}, I_{n}]= \frac{1}{3}m\delta_{m\dotplus n,0^{\mathrm{C}}}.$
’
2




$(\epsilon_{ij})_{1\leq i,j\leq 2}=(\begin{array}{ll}0 .1-1 0\end{array})$
$\ovalbox{\tt\small REJECT} \mathrm{V}\mathrm{i}\mathrm{r}_{\epsilon_{1},\epsilon \mathrm{a}})_{n}:=\{x.\in \mathrm{V}\mathrm{i}\mathrm{r}_{\epsilon_{1},\epsilon_{2}}|[L_{0}, x]=-\frac{n}{2}x\}$
) $\mathrm{V}\mathrm{i}\mathrm{r}_{\epsilon_{1},\epsilon_{2}}=\oplus_{n\in \mathrm{Z}}(\mathrm{V}\mathrm{i}\mathrm{r}_{\epsilon_{1},\epsilon_{2}})_{n}$ 1 2 $\mathbb{Z}-$
$\mathrm{r}$ , semi-infinite
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$\ovalbox{\tt\small REJECT}\gamma\in \mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{C}}(\mathrm{g}^{0}, \mathbb{C})_{\mathrm{U}}$ &i,
$.\gamma(c)=6$ , $\mathrm{y}(L_{0}^{\cdot})$ $=\{\begin{array}{l}l0(\epsilon_{1_{|}}\epsilon_{2})=()\frac{1}{4}(\epsilon_{1},\epsilon_{2})=(0,0)\backslash ’\frac{1}{4}(\epsilon_{1}\epsilon_{2})=(\frac{1}{2},0),(0,\frac{1}{2})\end{array}$ $\gamma(I_{0}).=0$
, ,. $I_{0}\in \mathrm{V}\mathrm{i}\mathrm{r}_{\epsilon_{1},\epsilon_{2}}$ $\epsilon_{1}=\epsilon_{2}$ . $\cdot$.
$.\cdot \mathrm{V}\mathrm{i}\mathrm{r}_{\frac{1}{2}\frac{1}{2}},\text{ }\mathrm{V}.\mathrm{i}^{\mathrm{f}}\mathrm{r}_{0,0}\text{ }\Phi\#’.\# 3,$ spectral $flow[succeq]\Psi \mathrm{t}\mathrm{h}^{\grave{\backslash }}\lambda’l\text{ }.\ovalbox{\tt\small REJECT}\theta^{\mathrm{f}}\hslash\not\in \text{ }$.
$\text{ _{}\uparrow}\gamma_{\overline{\vee}}\gamma_{\vee}^{\mathrm{q}}$’
$\llcorner.’ \text{ }t\mathrm{h}\mathbb{Z}-\grave{\lambda}F\text{ }\{\mathrm{J}\backslash \text{ ^{}1}Jarrow \mathrm{f}\mathrm{f}\text{ }\llcorner^{\vee}TC[\mathrm{B}]\ovalbox{\tt\small REJECT} \mathrm{T}^{\backslash }\#$X $fx\mathrm{A}$ ) $k\emptyset\cdot,.$ semi-infi.nite.
.
5.1. $N$ =.3 Virasoro , $su(2)$ - $N=4$ rasoro
. , .semi-infinite $\gamma$ $\mathrm{e}\gamma(c)$ (c )
, 1
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